Numerical and mathematical analysis of some combustion and phase separation models by 张文
学校编码：10384 分类号 密级
学号：19020130154166 UDC
博 士 学 位 论 文
一类燃烧和相分离模型的数学建模与
数值模拟
Numerical and mathematical analysis of




专 业 名 称：计 算 数 学
论文提交日期： 2017 年 4 月
论文答辩日期： 2017 年 5 月















































































作者签名： 日期： 年 月 日




































Θ𝑡 = ΔΘ, Φ ≡ 0, 𝑥 < 𝐺(𝑡, 𝑦),
Θ𝑡 = ΔΘ+ 𝜅, Φ𝑡 =
1
Le
ΔΦ− 𝜅, 𝐺(𝑡, 𝑦) < 𝑥 < 𝐹 (𝑡, 𝑦),
Θ𝑡 = ΔΘ, Φ𝑡 =
1
Le
ΔΦ, 𝑥 > 𝐹 (𝑡, 𝑦),
我们针对自由边界的胞状不稳定情况 (即 Lewis 数满足 0 < Le < 1) 展开研究。




(1) 当 Lewis 数满足关系 Le*𝑐 < Le < 1 时，平面行波解是线性渐近稳定的；
(2) 当 Lewis 数满足关系 0 < Le < Le*𝑐 时，平面行波解是线性渐近不稳定的。
同时可以看出，可取的 Fourier 模式数量的多少取决于带宽 ℓ 的大小。
最后，针对渐近不稳定情况 (即 0 < Le < Le*𝑐)，我们利用数值算例验证了稳定
性分析结果，数值结果表明，在快速过渡期后，得到了着火界面和跟踪界面形成
的“双峰”形式的火焰锋。






























































In this thesis, we will successively consider two free-interface problems: one is
a thermo-diffusive combustion model, the other is a higher-order generalized Cahn-
Hilliard equation. In both cases, we are interested in the stability analysis and nu-
merical simulations.
(I) Thermo-diffusive combustion:
The problem models a thermo-diffusive combustion of premixed flame with zero-






Θ𝑡 = ΔΘ, Φ ≡ 0, 𝑥 < 𝐺(𝑡, 𝑦),
Θ𝑡 = ΔΘ+ 𝜅, Φ𝑡 =
1
Le
ΔΦ− 𝜅, 𝐺(𝑡, 𝑦) < 𝑥 < 𝐹 (𝑡, 𝑦),
Θ𝑡 = ΔΘ, Φ𝑡 =
1
Le
ΔΦ, 𝑥 > 𝐹 (𝑡, 𝑦),
We restrict our analysis to cellular instabilities of the free interfaces, that is only to
parameter regimes where the Lewis number is within 0 < Le < 1.
To overcome the difficulty due to the presence of two interfaces (respectively
the ignition interface 𝐹 (𝑡, 𝑦) and the trailing interface 𝐺(𝑡, 𝑦)), we introduce in this
framework a new method to study the stability of the fronts, based on the reduction
of the free-interface problem to a fully nonlinear boundary value problem.
Using a discrete Fourier transform, we compute explicitly the stability threshold,
namely a critical value of Lewis number, Le*𝑐 , such that the planar traveling front is
linearly asymptotically unstable for 0 < Le < Le*𝑐 , stable for Le
*
𝑐 < Le < 1. It
transpires that the number of admissible Fourier modes relies heavily on the strip
width ℓ.
We complement our analysis with numerical simulations, to explore the insta-
bility patterns produced by the model. Numerically, we observe that, after a rapid
transition period, a steady configuration consisting of “two-cell” patterns for the















(II) Higher-order Cahn-Hilliard equation:









𝑎𝛼𝒟2𝛼𝑢−Δ𝑓(𝑢) + 𝑔(𝑥, 𝑢) = 0.
We devote ourself to some theoretical analysis under Dirichlet boundary condition-
s, such as the well-posedness and regularities. We also prove the dissipativity of
corresponding operators, as well as existence of a global attractor.
On the one hand, we will give some numerical results for a higher-order Cahn-
Hilliard-Oono equation, arsing from areas like biology and medicine, to be specific,
a phase-field crystal equation coupled with a Cahn-Hilliard equation with a mass
source, to simulate tumor growth. Our results show that anisotropy may be strongly
influenced by the choice of coefficients in the higher-order terms.














𝑎𝛼𝒟2𝛼𝑢−Δ𝑓(𝑢) + 𝑔(𝑥, 𝑢) = 0.
We perform our numerical simulations with a second-order fully discrete scheme. The
results also illustrate the effects of higher-order terms on the anisotropy.
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我们考虑一维的拟线性抛物型边值问题：⎧⎨⎩𝑢𝑡 = ℒ𝑢+ 𝑓(𝑢, 𝑢𝑥), 𝑡 > 0,𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ R, (1-1)
其中 ℒ 为椭圆型算子。
令 𝑥 = ℎ(𝑡) 为自由边界，下面我们列举关于两类自由边界问题的一些重要区
别：
(1) 单相 “融冰” Stefan 问题：
图 1.1 单相 Stefan 问题模型: 𝑢(𝑡, 𝑥) 为水中归一化的温度; ℎ(𝑡) 表示水相厚度.
附加在自由边界上的两个条件为：⎧⎨⎩𝑢(𝑡, ℎ(𝑡)) = 1,𝑢𝑥(𝑡, ℎ(𝑡)) = ℎ′(𝑡) (一阶 Stefan 条件). (1-2)
(2) 典型预混火焰的热 - 扩散燃烧模型：
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